Polarization properties of turbulent stochastically inhomogeneous ultrarelativistic QED plasma are studied. It is shown that the sign of nonlinear turbulent Landau damping corresponds to an instability of the spacelike modes and, for sufficiently large turbulent fields, to an actual instability of a system. Modification of plasmon dispersion relations due to turbulent effects are studied.
Introduction
Working out a quantitative description of the properties of dense strongly interacting matter produced in ultrarelativistic heavy ion collisions presents one of the most fascinating problems in high energy physics. The simplest (albeit not unique) way of putting the experimental data from RHIC [1] and LHC [2] into a coherent framework is to describe the essential physics of these collisions as a hydrodynamical expansion of primordial quark-gluon matter that, after a short transient period, reaches sufficient level of local equilibration allowing the usage of hydrodynamics. The features of the experimentally observed energy flow, in particular the presence of a strong elliptic flow, suggest early equilibration of the initially produced matter and small shear viscosity of the expanding fluid, see e.g. the discussion in [3] and [4] devoted to RHIC and LHC results respectively .
A coherent microscopic description of multiparticle production in high energy heavy ion collisions should embrace all its stages from initial inelasticity to free flow of final hadrons. We are still very far from developing it and focus instead on working out plausible models aiming at providing a reasonably simple description of the particular stages of these collisions. One of the most interesting stylized features arising in a number of models aiming to describe the evolution of the primordial dense non-Abelian matter in the weak coupling regime is the presence of instabilities eventually resulting in a turbulent-like state of this matter.
At the most fundamental level a description of early stages of high energy nuclear collisions in the weak coupling regime is based on the idea that large gluon density and, correspondingly, large occupation numbers of low energy gluon modes make it natural to use tree-level Yang-Mills equations with sources in the strong field regime as a major building block for the theoretical description of ultrarelativistic nuclear collisions. It was shown that the strongly nonisotropic tree-level gluon field configuration arising immediately after collision, the glasma [5, 6] , that initially contains purely longitudinal chromoelectric and chromomagnetic fields, is unstable with respect to boost-noninvariant quantum fluctuations [7] . At later stages of its evolution these instabilities were shown to drive a system towards a state characterized by the turbulent Kolmogorov momentum spectrum of its modes [8] . The same Kolmogorov spectrum was earlier discovered in a simplified scalar model of multiparticle production in heavy ion collisions [9, 10] . A possible relation between these instabilities and low effective viscosity in expanding geometry was recently discussed in [11] .
The origin of the initial glasma instabilities and the physical picture underlying the turbulent-like glasma at later stages of its evolution, however, do still remain unclear. The usual references are here to the Weibel-type instabilities of soft field modes present both in QED and QCD plasma and having their origin in the momentum anisotropy of hard sources [12, 13, 14, 15, 16, 17, 18] and the resulting turbulent Kolmogorov cascade [19, 20] , see also the review [21] and the recent related development in [22, 23, 24, 25] .
Of major importance to the physics of turbulent quantum field theory that provide another important benchmark for the physics of heavy ion collisions are also the fixed-box studies in the framework of classical statistical lattice gauge theory [26, 27, 28] and a study of the turbulent cascade in the isotropic QCD matter in [29] . Let us also note that there is no doubt that the genuinely stochastic nature of the classical Yang-Mills equation [30] should by itself play an important role in the physics of turbulent non-Abelian matter. The precise relation is however still to be studied.
The importance of turbulent effects makes it natural to study their effects on physically important quantities like shear viscosity. The corresponding calculation was made in [31, 32, 33] in a setting generalizing the one used in the earlier studies of turbulent QED plasma [34, 35] , in which turbulent plasma is described as a system of hard thermal modes and the stochastic turbulent fields characterized by some spatial and temporal correlation lengths. It was shown that plasma turbulence can serve as a natural source of the above-mentioned anomalous smallness of viscosity of strongly interacting matter created in high energy heavy ion collisions.
The physics of turbulence, both in liquids [36, 37, 38, 39, 40, 41] and plasma [42] , is essentially that of space-time structures that appear at the event-by-event level and, after averaging, give rise to Kolmogorov scaling of the structure functions. The event-by-event stochastic inhomogeneity of turbulent plasma can therefore play an important role in forming its physical properties. In the present paper we discuss the turbulent contributions to the most fundamental physical characteristics of plasma, the properties of its collective modes, plasmons. For simplicity we shall restrict ourselves to considering an Abelian case; the corresponding non-Abelian generalization will appear in a separate publication [43] . The effects in question can broadly be described as nonlinear Landau damping [35] . One of the most interesting effects we see is a nonlinear Landau instability for transverse plasmons at large turbulent fields, i.e. a phenomenon equivalent to nonlinear Landau damping, but with an opposite sign of the corresponding imaginary part of the response tensor. The origin of the phenomena considered in the paper is in the stochastic inhomogeneity of the turbulent electromagnetic fields in QED plasma; in this respect they are similar to the phenomenon of the stochastic transition radiation [44, 45, 46] . In particular, similarly to the stochastic transition radiation, the turbulent contributions to plasmon properteis discussed in this paper vanish in the limit of vanishing correlation length of the stochastic turbulent fields.
2 Turbulent polarization and plasmons
Turbulent QED plasma
The present study is devoted to the properties of ultrarelativistic electron-positron plasma (for brevity, QED plasma) defined as a system of massless charged particles, electrons and positrons, described by the distribution functions f (p, x, q), where q = 1 for electrons and q = −1 for positrons, and regular and turbulent electromagnetic fields F R µν and F T µν respectively. In what follows the turbulent plasma is described as a perturbation of the original equilibrium plasma characterized by the corresponding equilibrium distribution functions f eq (p, q) 1 by weak stochastic turbulent fields F T µν . It is assumed that F T µν belong to a Gaussian stochastic ensemble:
where K µνµ ν (x, y) is a basic two-point correlator characterizing the stochastic properties of the Gaussian ensemble of turbulent fields. In the present study we shall restrict our analysis to the simplest case of turbulent plasma that is on average stationary and homogeneous so that the two-point correlator in (2.1) depends only on temporal t = |x 0 − y 0 | and spatial r = (x − y) 2 differences and employ the following Ansatz for the correlator of the turbulent fields [32] :
In describing the properties of the turbulent QED plasma we will neglect collisions between plasma particles but take into account their interaction with turbulent and regular electromagnetic fields. The role of the regular field in considering polarization properties of the turbulent QED plasma is in ensuring the presence of a regular external perturbation F R µν defining the corresponding linear response. Therefore, within the above-described approximation, the system of equations describing the turbulent QED plasma reads
is a phase space integration for ultrarelativistic particles, the summation is over spin and charge and, following the standard assumption [34] , we neglect the equilibrium contribution to the regular electromagnetic field. The unperturbed equilibrium state is electrically neutral: electrons and positrons are characterized by the same distribution functions and the current j eq ν is absent:
In the linear response approximation the polarization properties of the turbulent QED plasma are fully characterized by the polarization tensor Π µν (k) ≡ Π µν (ω, |k|) defined by the functional derivative of the average induced current j 5) where the induced current is determined by the corresponding field-dependent contributions to the distribution functions δf (p, k, q|F
which are to be found by solving the kinetic equations (2.3). The first equation of (2.3) is conveniently rewritten in momentum representation as
where the term ı in the denominator of propagator corresponds to choosing the Landau retarded boundary conditions. To elucidate the structure of the forthcoming calculation let us first rewrite Eq. (2.7) in the following compact form:
where G is a free kinetic propagator ıG ≡ eq (pk) + ı (2.9)
The linear response approximation we employ means that we are interested in the correction to the distribution functions which is of the first order in the regular perturbation F R µν and the lowest order nontrivial turbulent contribution comes from the terms which are of the second order in the turbulent field F T µν , see Eq. (2.1). Therefore the turbulent contribution for induced current comes from the cubic terms that are of the first order in F R µν and of the second order in F T µν . To extract the corresponding terms it is convenient to introduce a formal expansion in parameters ρ and τ counting the powers of the regular and turbulent electromagnetic fields respectively:
where δf 00 = f eq , F The leading non-turbulent contribution corresponds to computing polarization in the Hard Thermal Loop (HTL) approximation:
while the leading turbulent contribution is
The contributions in (2.13) proportional to F 11 and F 12 can be shown to be subleading. The last term in (2.13) proportional to δf 02 is omitted because of the simplifying assumption of approximate stationarity of the distribution of hard particles, see [34] and a discussion in the Appendix A. Thus we are left with
Using the explicit expressions δf 01 = Gp µ F µν 01 ∂ ν,p f eq and δf 10 = Gp µ F µν 10 ∂ µ,p f eq , we get
that is to be used in computing the turbulent contributions to the (averaged) induced current and the polarization operator (2.5,2.6). The final answer for the averaged variation of the distribution function is obtained by adding the HTL contribution δf 10 from (2. 
Turbulent polarization
Let us now turn to the calculation of the turbulent contribution to the polarization operator. From gauge invariance and isotropy it follows that polarization tensor has only two independent components longitudinal and transverse, that we define as (here k ≡ |k|):
stands for the synthetic correlation scale of the turbulent fields 2 . The polarization tensor (2.20) is related to the dielectric permittivity ε ij (ω, k| l) by
so that
Let us rewrite the polarization tensor Π ij (ω, k| l) as a sum of HTL and turbulent contributions
and, keeping the contributions of the first order in the turbulent energies E 
where the corresponding averaging in the isotropic case under consideration that leads to the structure of the answer shown in (2.25) is performed by using
Let us turn to en explicit evaluation of the variations of the distribution functions in Eqs. (2.17)-(2.19) and the corresponding contributions to the polarization tensor. We shall calculate the turbulent contributions to the polarization tensor in the first two orders in the gradient expansion in (|k| l).
1. The HTL contribution in (2.17) reads
where we have introduced self-explanatory diagram notations. The corresponding induced current is δj µ HTL (k) = e q , s dP p µ qδf HTL leading to
eq (p) dp dp (2.28) and, after performing angular and momentum integrations in (2.28), to the well-known expressions(
where m 2 D = e 2 T 2 /3 is a Debye mass, x ≡ ω/ |k|, and
The imaginary part of L(x) corresponds to Landau damping in collisionless plasma.
2. An explicit expression for the first turbulence-induced contribution in (2.18) reads
Let us compute the first two terms in the gradient expansion (2.25) in Eq. (2.31). The answer for the leading order contributions φ
For the second order contributions φ
3. Let us now turn to the computation of the second turbulent contribution (2.19)
3 Some details on this calculation are provided in the Appendix. 
An inspection of (2.40) shows that all terms of the first order in the gradient expansion are absent,
while the contribution of the second order term is purely electric, χ
II L(T) = 0. This happens because the diagram (2.40) has two propagators convoluted, under integration over k, with the turbulent correlator. The answer for the only nontrivial contribution φ (2 ) II L(T) reads:
Physical consequences.
Let us now discuss the physical consequences resulting from the effects of turbulent polarization calculated in the previous paragraph.
Turbulent instability and damping
Let us first analyze the imaginary part of the polarization operator (2.24) in the first order in the gradient expansion (2.25). The analysis in the paragraph 2.2 has shown that in this order the only turbulent contributions to the polarization tensor are φ 45) where the functions Imφ T (x) in the spacelike domain is positive at all x while the magnetic one is negative at x < x * where x * ∼ 0.43 and positive at x > x * . This means that for sufficiently strong turbulent fields the turbulent plasma under consideration becomes unstable.
Let us first study the onset of this instability in the case where turbulent fields are purely magnetic. We have
where
From (2.49) and (2.50) it is clear that the condition for the appearance of the unstable regime corresponds to 4
The onset of this instability is illustrated in Fig. 3 in which we plot the critical value of the dimensionless combination e 2 (|k| l) B 2 /(k 2 m 2 D ) For completeness let us also consider the case of a mixed instability when both electric and magnetic turbulent fields are present. For simplicity we assume that B 2 = E 2 . We get
so that the instability criterion reads
and is illustrated, for the dimensionless combination e 2 (|k| l) E 2 /(k 2 m 2 D ), in the Fig. 4 . As the origin of this instability is in event-by-event inhomogeneity of the turbulent plasma, it bears a strong resemblance to the stochastic transition radiation [45, 46] . Let also note a possible relation of this instability to that in nonrelativistic QED plasma discussed in [34] .
Turbulent corrections for plasmons
It is also of interest to analyze the effects of turbulence on the properties of collective excitations of QED plasma, the plasmons. The plasmons are characterized by dispersion relations ω T(L) (|k|) that are read from the solutions of dispersion equation for the corresponding components of dielectric permittivity, which are just a real part of zeroes of inverse transverse and longitudinal wave propagators:
Thus, real part of polarization tensor corresponds to propagation of plasmons in a medium, while it's imaginary part defies plasmon smearing. Let us focus first on a shift of plasmons dispersion relations in turbulent medium. In general dispersion equations can be solved only numerically. Analytical expressions can be obtained in certain limits. Let us focus on the deeply timelike regime of x 1. In non-turbulent HTL Vlasov plasma the time-like plasmon modes do not decay, since imaginary part of polarization tensor in that limit is zero. For polarization tensor of the form (2.29) and frequencies . In a turbulent plasma plasmons decay even in a Vlasov limit since polarization tensor has imaginary part. As to the turbulent modifications of the HTL dispersion relation (2.53), it can be conveniently written as
where Now let us consider plasmons smearing. As it can be easily seen that a rate of decay for plasmons is connected to an imaginary part of polarization tensor by a formula:
In a timeline region considered above imaginary part of both transverse and longitudinal components of polarization tensor are lesser than zero: there i no instability for timeline modes. Also it should be noted that turbulent smearing is a leading order effect on (kl) compared with a turbulent modification plasmon dispersion relations.
Conclusions
Let us briefly summarize the results obtained. In the present paper we have calculated the polarization properties of turbulent ultrarelativistic QED plasma in the first order in the regular field and second order in the turbulent field. The main results are:
• The nonlinear Landau damping originating from turbulent effects corresponds to instability for the spacelike modes. At strong enough turbulent fields this leads to an overall turbulent instability of a system.
• Turbulent modifications of the plasmon dispersion relations were calculated.
A Usability conditions
System of equations (??) has been written up in an assumption that turbulent corrections don't modify equilibrium distribution f eq = f 00 in absence of regular field. Indeed, in a last line of (??) initial distribution f eq is used instead of its turbulent modification f 02 . To justify this assumption let us examine turbulent modification of initial condition. It can be easily seen that in a first order of turbulent pulsations, equation for distribution function takes form (this function is denoted as mean turbulent state, f m.t.s. ):
∂ p ν is used (here K characterizes correlation of turbulent fields). Let us examine whether this equation has stationary solutions. Stationary solution should be of a form:
Thus, h(p) should be a solution of equation:
However, solution of this equation in isotropic turbulent plasma (in a first order of turbulent pulsations) is power like:
Another option is to find non-stationary solutions of (??). Simplest non-stationary solution that approach to f eq (p)δ 4 (k) if K → 0 has the form:
In spatial representation it takes:
hereκ is a solution of equation:
(notice thatκ is an operator itself) In a linear response theory of non-stationar matter polarization operator is non-local, polarization depends not only on regular field F R µν (k) but also on its derivative ∂ k F R µν (k) In diagrammatic notations non-stationary contribution to polarization comes from a simplest diagram (the same that gives first order HTL answer):
Writing this diagram explicitly one gets:
term in a last line may be neglected in comparison with a diagram (see below)
in spatial representation this transforms to:
which means that fields should change in time slow enough Another limitation comes from an applicability of perturbative expansion on turbulent pulsations. Later works if turbulent contributions should remain smaller than linear HTL contribution:
If later does not hold loops with more than one turbulent correlations of a type:
¡ K and ¢ start to contribute. Thus, limit holds until contribution to polarization in plasma is smaller than first order HTL contribution. As it is shown below, in case of purely magnetic turbulent fields for example this happens for field correlations of order:
where Φ is a function of x = ω |k| defined below.
Also applicability conditions of linear response theory give restriction to amplitude of a regular field. Latter may be used when regular field is not strong enough to significantly change particle distribution in plasma Following simple physical arguments [?] may be used: In abelian plasma regular field may significantly change distribution of plasma particles if momentum that particle with a typical momentum in plasma receives from a field on its wavelength is compatible with a particle momentum itself (which is of order T ). This gives condition:
Another restriction comes from a loop integration. Integrals are performed in a limit kl << 1 where l is a correlations. Also supposing additional condition k << gT as it may be shown in this limit there is no contribution to f 12 coming from a terms with F 11 and F 12 B Loop integration over k 1 Let us first perform loop integrations over k 1 in the expressions (2.31). We will use the following expression for the correlator of the turbulent fields Let us stress that although in the main body of the paper we display only answers for the case of isotropic turbulence, in the calculations described in this Appendix we assume a generic tensorial structure of the correlator K µνµ ν (x). We have to calculate the following integral:
Using the α-representation
and the explicit parametrization of the turbulent correlator (2.2) we get
We have
and, finally, get for the turbulent contribution δf 12 I in (2.31):
C Contribution to the induced current
Let us turn to the computation of the induced current corresponding to the diagram (??). To the leading order in the inhomogeneity this is the only contribution we have to keep. We have
Integrating by parts and taking into account the asymmetry of K µνµ ν in µ ν and µ ν one gets:
Let us note that the gauge invariance of the polarization operator (its transversality with respect to k µ ) is obvious from the structure of the first square brackets in (C.2).
C.1 Useful notations
Let us introduce some useful notations and definitions that help to present the explicit expressions for (C.2) in a readable form.
In calculating the integrals over spatial momenta it is convenient to use the following notations:
The the expressions for the standard integrals arising after angular integration A 1·9 , B 1·9 , C 1·9 and D 1·9 are listed below in C.4.
C.2 Calculating the integrals: examples
Let us illustrate the calculations at the examples of the first two contributions P λ 11 and P λ 12 in (C.2). We have
C.3 Calculating the integrals: answers 
(C.14) 
C.4 Standard integrals
In this paragraph we list explicit expressions for the angular integrals A 1 (ω, |k|) . . . A 9 (ω, |k|), . . ., D 1 (ω, |k|) . . . D 9 (ω, |k|), x = ω/ |k|:
A 2 (ω, |k|) = 
